ACTIONS OF GALOIS GROUPS ON INVARIANTS OF NUMBER 

FIELDS 
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Abstract. In this paper we investigate the connection between relations among 
various invariants of number fields L H coresponding to subgroups H acting on 
L and of linear relations among norm idempotents. 



1. Introduction 

Let C be an algebraic curve defined over an algebraically closed field of arbitrary 
characteristic and let G C Aut(C) be a subgroup of the automorphism group G, 
acting on C. For a subgroup H of G, let C H be the quotient group and let gu and 
7if be the the genus and the p-rank of the Jacobian of C H . In the group algebra 
k[G] the norm idempotents Eh are defined by 

1 1 heH 

E. Kani and M. Rosen 0,0], studied the action of automorphisms on the Jacobian 
variety of the curve, and they proved that every linear relation among the norm 
idempotents coming form subgroups H of G implies the same relations for gn, Jh- 
This is a generalization of results proved by R. Accola pQ. 

They also have proved that this linear relation imply the same relations for the 
zeta functions of the corresponding fields L H where L is the function field of an 
algebraic curve or a number field 4, prop. 1.2], i.e., 

(i) x) r ^ =o=> n^w ra=i - 

The rings of integers of number fields have a theory similar to that of non singular 
algebraic curves, in the sense that the ring of integers are Dedekind so they give rise 
to one-dimensional affine schemes, that can be completed with the aid of infinite 
primes. For number fields there is a notion of genus, and the analoga for Jacobian 
varieties and Tate modules can be defined. 

It is known that a lot of information concerning a number field, can be found in 
the corresponding zeta function. Let L H be the number field corresponding to the 
subgroup H, of the Galois group G. Using the characterization of the residues of 
the zeta functions for number fields at s = 1, Kani and Rosen arrived at a formula, 
involving the class number h L u, the regulator Reg(L^), and the number wh of 
roots of unity in L H : 



Y[(h LH Reg(L H )Y" =JJ 



>H > 
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where H runs over the subgroups of G. The last equality was also proved by R. 
Brauer [2] in 1950. 

In this paper we study the dependence of several group invariants of the subfields 
L H , corresponding to the Galois subgroups H, in terms of the linear relations among 
norm idempotents defined by the subgroup H . 

In order to do so we give a generalization of the notion of Tate modules for 
the "Jacobian" of a Number Field, and we consider the action of the Galois group 
on it. In our study, problems arise that are similr to those stemming from wild 
ramification of the action of a group on a curve defined over a field of positive 
characteristic. 

Consider a number field L. Fix a subfield K such that the extension L/K is 
Galois with Galois group G. For every subgroup H of G we define, as usual, the 
fixed field L H . The following functions from the set of subgroups G to Z are defined: 

(1) Let rn 7 2sH be the number of real and imaginary embedings of L H to Q. 
We set 

Ajj = tjj + s H - 1. 

(2) Consider the class group Cl{L H ). It is a finite Abelian group, hence it can 
be written as 

Cl(L H )= A(H,p), 

p\Cl(L H ) 

where A(H,p) is the p-part of the abelian group Cl{L H ) and A(H,p) in 
turn can be expressed as a finite direct sum of abelian groups A(H,p,n) 
that are sums of \h,p,u summands of cyclic groups of order p n , i.e., 

oc 

A(H,p) = ®A(H,p,n), 

71=1 

A(H,p,n)= Z/p n Z. 

Notice that in the above formulas A#. p .„ — for all but finite integers n, 
and that A(H,p,n) are free Z/p n Z-modules of rank \h,p,u- 

(3) Consider the group n{L H ) of units of finite order in the field L H . It is a 
cyclic group and can be written as 

^ L ") = %/p HH ' p) % 

P\\KL H )\ 

We will show that the above functions Xh, A# iP , n , behave like the p-ranks of the 
Jacobians of algebraic curves. Namely, we prove that every linear relation among 
norm idempotents of the subgroup implies the same relations for the A functions: 

Theorem 1.1. Let L/K be a Galois extension with Galois group G of order n. 
Every relation 

^2 rH£H = 

2 



among norm idempotents implies relations 

^ r H \ HtP , n = 

rn^(H, p) — /or every p\n. 

On a number field L we can define the notion of the Arakelov genus <?l, so 
it is interesting to ask whether a relation among norm idempotents implies the 
same relation among Arakelov genera. The answer is yes provided we have "tame 
ramification" in the group of units that are contained in L, i.e., 

Proposition 1.2. Let L/K be a Galois extension with Galois group G. Let Wl 
be the order of the group of units contained in L. Consider the set S of subgroups 
H < G, such that (\H\,wl) = 1. Every linear relation ^2neS r H £ H = among 
norm idempotents corresponding to subgroups H £ S ' , implies the same relation 
among the Arakelov genera g^H , of the fixed fields L H . Ln particular, if the order 
of the Galois group is prime to w^, then ^rnSn — implies ^rngL 11 — 0. 

In G. Van der Geer and R. Schoof introduced the notion of effectivity of 
an Arakelov divisor, a notion that is close to the definition of the effectivity of a 
divisor on an algebraic curve. This notion gives rise to a new notion of for 
Arakelov divisors D and introduces naturally a new invariant rj L for the number 
field L: 



\xe0 L J 

where 1 1 ■ \\l o is the metric on the Minkowski space of the number field L defined 

by 

IMIi,o = El^)l 2 - 

Given a relation ^2 "h-h^h = 0, we will prove a formula for the //-invariants cor- 
responding to subfields L H of L. In order to do so we have to change the model 
at the infinite primes by considering a different metric || ■ \ \l.a on the Minkowski 
vector space. This metric is defined in (JJJ. We introduce the invariants 

Va{L) := I £ e -IMlU 

\xG0l 

for every divisor A supported at infinite primes. We will prove the following: 

Proposition 1.3. Let ^nneH = be a linear relation among norm idempotents. 
LfF(L H ,M.) (resp. ¥(L H ,C)) denotes the real (resp. complex) infinite primes and 

K ' 27T ^ 7T ^ 

a&(L H M) a£F(L H ,C) 

is a divisor supported on infinite primes of the field L H , then the following formula 
holds 

H 
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2. Notations 

Let K be a number field with ring of algebraic integers 0k- We will follow the 
notation of the book of J. Neukirch [5]. 

An Arakelov divisor of K, is a formal sum 

where p runs over the finite and infinite primes of K, and v p 6 Z if p is a finite 
prime and v p S R if p is an infinite prime. We will denote by 

Div(0 K ) = Div(0 K ) x ©piooMp 

the set of Arakelov divisors on K. There is a canonical homomorphism 

div : K* -> Div(0*r) 

sending / G if* to ^2 p Up{f)p, where v p (f) is the normalized p-adic valuation of 
/ if p is a finite prime, and v p (f) = — log|r(/)|, where r £ HomQ^, 0k) is the 
monomorphism corresponding to the infinite prime p. The Arakelov class group 
CH 1 (0 K ) is defined as 

and it is equipped with the quotient topology. Since Y[ p \fp\ — 1 we can define on 
CH 1 (0a') a continuous function 

deg : CR 1 (0k) — ► K 

sending -D = ^pP t° S P ^p l°g(-^(-f > )); where N(P) denotes the norm of P. The 
kernel of the degree map is a compact group denoted by CH 1 (0^)° =: Jk- It can 
be proved Satz 1.11] that Jk is given by the short exact sequence: 

1 -> H/T J K A C/(JC) -> 1, 

where ii/r is homeomorphic to a torus of dimension r + s — 1 and Cl(K) is the 
ordinary class group of the number field K. 

Following the theory of Jacobian varieties on a curve we set 

JK,p n '■= {Elements in Jk of order p n -} 

where p is a prime number of Z. For the p-part of Jk we have the following short 
exact sequence: 

where Cl(K) p n = ©^5{"Z/p™Z is the subgroup killed by multiplication by p n . 
Using the classification theorem of finite Abelian groups we can write 

JK,pn S Z/ P n Z. 

1=1 

The groups Jk,p™ form an inverse system and we can define the inverse limit forming 
the Tate module of Jk at p. Namely we set 

T P (J K ) = lim Jk, v «- 

4 



The Tate module is a free Z p -submodulc of rank s + r — 1 . Since the order of the 
ordinary class group Cl{K) is finite \k,u — 0, for large n, and this implies that the 
information of the p-part of the class group is lost after taking the inverse limit. 
We will study the p-part Cl(K) p of the class group separately. 
The action of G on the primes of L induces a representation 

p: G^End(J L ), 

and since endomorphisms of Jl preserve the orders of the elements in the class 
group we can define representations: 

p p :G—> End(J L , p ). 

Every p p gives rise to a representation 

P P : Q P [G] -» End°(T p (J L )) := End(T p (J L )) ® z Q p 

and to a representation 

p p : Z (p) [G] -» End(Cl(L) p ) ® z Z (p) , 

where Z( p ) denotes the localization of the integer ring with respect to the prime 
ideal p. We define the Q p vector space V P (J L ) := T p (J L )® Zp Q p , so End°(T p (J L )) ^ 
End(Vp). Since there is p-torsion on the Z-module Cl(L) p we cannot tensor by a 
field, without trivializing. The closest structure to vector space we can obtain 
without trivializing, is by tensoring with the localization Z( p ). So we define the 
Z (p) -modulc V p (Cl(L)) by V p (Cl(L)) := Cl{L) p (g> z Z (p) . The p-part of the class 
group can be factored, by the classification theorem of Abelian groups, as follows: 

Cl{L) P = ® Z/p"Z, 

U — l fX=l 

and 

OO ^{l},p,f 

V P (Cl(L)) = ® Z (p) /^Z (p) . 

V — 1 \1— 1 

Since endomorphisms that came from Z( p ) [G] preserve the order of the group, the 
representation p p can be factored as a sum of matrix representations: 

Pp-v ■ Z(p)[G] -» M\ {1}3PtV (Z (p) /p v Z (p) ), 

where M r (R), denotes the rxr matrices with coefficients from the ring R. We define 
the trace of p p to be the sequence tr(p p ) := (tr(p P) „))„. Obviously, tr(p P) „) = for 
all but finite v. 

3. Field extensions 
Let K, L be two number fields and let 

t:K^L 

be a homomorphism. For an Arakelov divisor D — ^ p vpP of L we define: 

r,(D) := 2 I E ^ p/p /f p G Div (0^)' 
p \p| P / 
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where fp/ p denotes the inertia degree of P over tK and P \ p means that rp = 
P \tK- Conversely for an Arakelov divisor D — ^ p v p p of K we define 

T *( D ) =EE fpep/pP e Div(0i), 
p p|p 

where ep/ p denotes the ramification index of P over tK. The maps t*,t* induce 
maps 

r* : CH 1 (0^) — ► CH 1 (0x) 

and 

t* : CH 1 ^) -> CH 1 ^) 
such that t,ot* = [I: if] and deg(r»L>) = deg(D), deg(r*L>) = \L:K] deg(D) 
p. 204]. By the above formulas for the degree, we have that there are well defined 
homomorphisms 

(2) r* : Jl — > Jx, 
and 

(3) r* : J K -> J L . 

Definition 3.1. Lei Z( p ) denote the localization of the ring of integers with respect 
to a prime ideal. We will denote by R either a field of characteristic zero or Z( p ) . 

Lemma 3.2. Let V, W be two finitely generated R-modules. Suppose that there are 
two R-module homomorphisms fv,w ■ V — > W , fw.y '■ W — > V, smc/i £/ia£ 

/y,w ° /w,v = 71 Idvi/ 

and wi/i = 1 if R = Z( p \. Then there is a map: 

<j) : End(W) -> End(V), 

swc/i i/iai tr(a) = tr(0(a)). In particular, if a — Idw, then <fi(a) € End(V), has 
trace equal to rank(W) 

Proof. For every a 6 End(W) we define 0(a) 6 End(V) by 

0( a ) : = - /w,v ° a ° JV,w- 
n 

Since n is an invertible element in R the map fv,w is onto. We consider the 
following short exact sequence of i?-modules: 

, P fv,w 
ker f V}W ^ v ^ W *- 

^fw,v 

By construction, </>(a) is zero on ker fv,W> and tr(a) = tr(</>(a)). In particular, for 
a = Idw we have that tr(Idvt/) = rank(VK), hence tr(0(a)) = rank(W) □ 

Lemma 3.3. For a given group G, let S be the following set of subgroups of G: 

all subgroups of G if R is a field 
yH<G lP \\H\ ifRisZ (p) 

Let V be a free R-module. To every H G S we attach a free R-module V(H) and 
two R-module homomorphisms f H : V(H) — > V and fn'-V^ V(H), such that 

f„ o f H = \H\ ■ ld v{H) 
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S := 



and 

Moreover, there is a map (f> : End(V(i?)) — > End(V^), smc/i that <p(ldv(H)) = e H 
and 

tr(e H )=ra,nk R V(H). 
Under the above assumptions, if^2 HeS njjeH = then ^2 HeS n^rankp V(H) = 0. 

Proof. We apply lemma E2) for W = V(H), f w ,v = f H and f v>w = f H . The 
map tf>(Id V (n)) = pry/^ Ic V(ff) /ff = £ff, so tr(e H ) = rank iJ (F(F)). □ 

Remark: In the above lemma it was necessary to restrict ourselves to subgroups 
of order not divisible by p. The problems that appear for groups divisible by p, 
are of similar nature with the problems that appear in wild ramified extensions of 
rings. Indeed, in the case of wild ramification of an extension of rings S/R with 
Galois group G, the ring S is not i?[G]-projective. 

Proposition 3.4. Let t : K <—> L be an inclusion of number fields such that L/K 
is Galois with Galois group H . There is a map cf> : End°(T p (JK)) — ► End°(T p (JL)) 
such that 

• P p (zh) = 4>Qd Tp (j K )) 

• For any a G End°(T p (JK)) we have 

tr(0(a) I V P (J L ) = tr(a | V P {J K ))) 

Proof. The homomorphisms defined in 10),© can be extended linearly to maps 
V(t*),V(t*) from V p (Jk) to V p (Jl)- The first assertion is a direct application of 
lemma El if we set V(H) = V(T P {J K ))), V = V(T P {J L )), f„ = V{r m ), f H = 
V(t*). The second assertion is an application of 13. 21 □ 

Proposition 3.5. Let t : K <—* L be an inclusion of number fields such that L/K 
is Galois with Galois group H , of order n. For every prime p, p \ n there is a map 
2 : End°(Cl K , P ) -> End°(Cl L , p ) such that 

• Pp(£h) = M ld ci K J 

• For every a £ End°(ClK, P ) we have 

tr(r*(a) | V p {Cl L )) = tr(a | V p {Cl K )) 

Proof. As before, the homomorphisms defined in ©,© can be extended %( p )- 
linearly to maps V(r*),V(r Sf ) from V p ^{CIk) to V PjV (CIl), where 

00 

V p (Cl K ) = ®V p , u (Cl K ), 

and V p , v {CIk) '■— ®p\=\" p ^ ] ■ The desired result is a direct consequence of lemma 
ED tf we set V(H) = V p (Cl K ), V = V p (Cl L ), f„ = V(t*), f H = V(t*). □ 

Proposition 3.6. For every Galois extension L/L H , with Galois group H , we have 

tr(p p (e H )) = A H . 
For all p that do not divide the order of H we have 

tv(p p (e H )) = Aff, P: „. 
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Proof. This result is clear for H = {Id}. By the above two propositions it is also 
clear for the general H, since 

tr(pp(£ff)) = tr(0(ld Tp(jK) ) = X H 

and 

tr(p p (e H )) = tr(0 2 (Idy p(c;K) ) = \ H , P ,w 

□ 

We will now study the action of the Galois group on the group n{L), n(L H ) of 
units contained in the fields L, L H respectively. 

Proposition 3.7. Let L/L G be a Galois extension with Galois group G. Let wl 
be the order of the group n{L) of units of finite order. For a fixed prime p \ wl 
we define the set S p of subgroups H of G with the property H <= S p if and only if 
p] \H\. Let i>(H 7 p) be the valuation at p of the order w l h of the unit group of L H . 
Every linear relation of the form X)_f/eS n H^H = 0, among norm idempotents of 
groups H S S p , implies the same relation ^n#j/(i/, p) = 0. 

Proof. Consider the norm 

N L/LH : n(L) - [i(L H ), 
and the inclusion function i L n L : [i(L H ) — > fJ,(L). We have 

N l /lh o i L H iL = \H\ ■ Id M(L ff) 

and 

iL»,L ° N l/l h = ^2 h - 

The unit group fi(L) is a cyclic group of order to, and n(L H ) is a subgroup of the 
cyclic group [i{L). The group n(L) can be considered as a direct sum 

r „ r 

8=1 Pi i=l 

where pi are the different prime divisors of to. Each direct summand ^i(L), gives 
rise to a Z( p .)-module /ii(L)<g>zZ( p .). We can have a similar decomposition of n(L H ) 
as a direct sum of Z( p .)-modules: 

i=l -Pi i=l 

The N l / l h and Il^h group homomorphism give rise to Z( Pi )-module homomor- 
phisms from Hi(L) ®zZ( Pi ) to [j,i(L H ) <g>zZ( Pi ). The desired result follows by lemma 

m □ 

4. Analytic methods 

In this section we give an analytic proof of proposition 11.21 Consider the zeta 
function of an algebraic number field L, 

■= E r < s ) > !> 



where A runs over the integral ideals II of the ring of integers of L. It is known 
that Cl(s) admits a meromorphic extension in C \ {1} with only one pole at s = 1. 
Moreover the residue at s = 1 can be computed [SJ Satz VII 5.11] 

Res s=lC ,( S )= ^-l)C L (s) = 2 ^; R ^ k L . 

\n(L)\y/\D L \ 

The Arakelov genus of the number field L is defined by 



2 r (2ir) s ' 
therefore 

Res s= iCi(s) = e- aL Reg(L)h L . 
Let nn£H be a norm idempotent relation. The product formula implies that 

Urn y^ri, g log((s - 1)(l«(s)) = E n ^ lim + log(s - 1). 

The left hand side is finite (the regulator of every number field is not zero), therefore 
riH — and moreover 

E UH {Si* + teg{Reg(L H )h LH )) = => 



(4) n H9L H =J2 nh \og(Reg(L H )h LH ). 

Remark: The relation ^ nn — can also be proved by applying the character of 
the trivial representation on the sum ^ uhSh- 

On the other hand using the analytic continuation of the Cl( s ) we can prove 
that 

therefore 

(5) Y,n H log(h L HReg(L H ))=J2nHlog\fi(L H )\. 
Combining Q,©, we arrive at 

(6) E n H9L» = E n H log(/x(L H )). 

For every H, such that (\H\, \fi(L)\) = 1, we write \(J,(H)\ = Ui=iPi ■ Therefore 
the right hand side of © is written 

r r 

E n H log(| M (L ff )|) = n H log([[pT' Pi ) = E l0 S^) E = 

if H i=l i=l H 

by proposition 13.71 and the proof of proposition II . 21 is now complete. 
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5. The n invariant 

In order to apply the proof given in previous sections we would like to realize 
the function 

xe0L 

as the trace of a suitable linear operator. 

If L is a number field we will denote by tl the number of real embedings and 
by sl the number of complex noncquivalent embeddings. The Minkowski space is 
defined by 

M{L) =W L x C SL . 

We will define the set of real infinite primes of L by P(L, K) and by P(L, C) the set 
of complex infinite primes. The field L can be embedded on the Minkowski space 
by the map 

it, '■ L —* M(L), 
x h-> (<ti (a;), ... ,a rL ,a rL+ i, ... ,<r rL+SL ). 

Every divisor 

D = E a <r° + E a<TCr ' 

ereP(L,R) aeP(L,C) 

supported on the set of infinite primes gives rise to the metric 

(7) \\x\\1,d= E M 2 e~ 2a "+ E l^l 22 ^, 

<reP(i,R) creP(L,C) 

where x = (x a ) is an element of the Minkowski space M(L). 

Let L/K be a Galois extension of number fields with Galois group Gal(L/K) = 
H. An infinite complex prime a of K is extended to \H\ infinite primes of L. 
Moreover, 

(8) ^ = E CTi 

i=l 

On the other hand an infinite real prime r of K gives rise to a(r) real infinite primes 
{01, . . . ,a a } of L and 6(r) pairs {c7 a(r)+1 , . . . , cr a ( T ) +6 ( r ), a- a ( r )+i, • ■ • , o- a (T)+&(r)} 
complex infinite primes of L, where a(r) + 26(r) = |if|. So the real infinite prime 
a is decomposed in L as follows: 

o(r) 6(r) 

( 9 ) ^ = E ^ + E a a(r)+j- 

i=l j=l 

Lemma 5.1. Let L/if &e o Galois extension of number fields, with Galois group 
H. Consider the set P(L, 00) (resp. ¥(K,oo)) of infinite primes of L (resp. K) 
and let r^, sl (resp. tk,sk) denote the number of real and complex embedings of 
K (resp. L). Let D be a divisor supported at the infinite primes of L, such that D 
is H -invariant i.e., 

d = e a <? a = E «r E cr - 

<reP(L,oo) reP(K,oo) a\r 
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Let us denote by D H the divisor 

D H = Yl a - T - 

t£V{K,oo) 

If II ' \\l.d is the metric on the Minkowski space W L x C SL introduced by D and 
I ' IIa'.d^ * s the metric on the Minkowski space M. TK x C SK introduced by D H , 
then for every x G K C L considered as an element on the spaces W r ' L x C SL and 
W K x C SK we have: 

(10) \Mx)\\l D = \H\.\\i K (x)\\ 2 KtDH . 
Proof. Let x G K C L. We compute: 

\\iK(x)\\ 2 KtDH = J2 \T(x)\ 2 e- 2a ^+ h(.x)\ 2 2e-^. 

re¥(K,R) reP(Jf,C) 

If t G P(-K', R) then the contribution to the norm of the infinite primes a T 2<t| t a 
above r is according to 

|t(:e)| 2 (a( T )e- 2a ^ +6(r)2e" 2a -) = |r(x)| 2 |ii>- 2a -. 

On the other hand if r is a complex prime, then the contribution to the norm of 
the infinite primes above r is according to (JSJ 

\T(x)\ 2 \H\2e- a ^. 

The desired result follows by adding all the contributions of primes of L above each 
infinite prime r of K. □ 

To every number field L we attach the Hilbert space Vl consisting of functions 
/ : L -► R, such that J2 ye0L \f(y)\ 2 < oo. 

Let H be a group acting on the number field L. The space Vl is acted on by H 
as follows: 

f h (x) = /(far), for h G H. 

Let V^ff be the Hilbert space of functions / : @l h ~* K such that X)j,e0 H I /(f) 1 2 < 
oo. 

The norm idempotent e# induces a map : Vlh — > Vl, sending the function 
/ : &l h R to the function f o e H : &l — * R- Moreover we will consider 
the restriction map rest : Vq l — > Vg) fl sending a function / : 0l — ► R, to the 
restriction on 0/,h ■ 

Since the vector spaces we treat are of infinite dimension we can not use the 
trace of the identity map. Instead, we consider the diagonal linear operator 

Td ■ V 0L — > V 0L1 

sending a function 

L 3x^ f{x) to T D f(x) = e- w ^ x ^f(x). 

Let S x (-) denote the basis functions 

1 if x = y 
if x ^ y 

We observe that the trace of the linear operator T o e is given by 

(11) tr(Toe H )= J2(Toe* H (5 x ),8 x )= ]T e^NI^. 

11 



Indeed, if x S 0l is an element of 0^h then e#(x) = x, and if x G 0l\0l h then 
ejy(x) ^ x since en(x) £ 0l«- We compute 

1 if x e l h 
Oifx<E0 L \0 L H ' 

and the formula follows. Suppose now that D is an 7?-invariant divisor. Then 
equation (|1C)|> together with gives that 

(12) tr(Toe H ) = ]T e ~^ x ^ H lm . 

xE0 l h 

Proposition 5.2. Given a number field K and a divisor A supported on infinite 
primes, define the numbers 

r, A {K) = J2 e-^k A . 

xG0 K 

IfTliH ^h£h is a linear relation among norm idempotents, and D is an H -invariant 
divisor supported on infinite primes of L then the following relation holds 

h 

where 

aeF(L H M) " <jeV(L H ,C) 

In particular if D = then 

H 

Proof. The desired result follows by linearity of the trace map composed by T, the 
relation J2h ^h^h and equation 112|) . □ 
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